1. Introduction. The problem under consideration had its origin in a letter written by Goldbach to Euler in 1742 [4J. 1 In the letter, Goldbach made two conjectures concerning the representation of integers as a sum of primes. They are equivalent to (A) every even integer greater than 2 is a sum of two primes, and (B) every integer greater than 5 is a sum of three primes.
The two conjectures are, of course, equivalent. If 2n -2 = pi+p2, then 2n = pi+p2+2 and 2n + l = pi+p2+3-Conversely, if 2n=pi -\-p2-\-pz one of the primes must be 2 and 2n -2 = pi+p2. An impressive collection of numerical evidence indicating the truth of the conjectures has accumulated in the years since Goldbach's letter was written, but is it not known to this day whether the conjectures are true or false. What progress has been made towards the solution of the problem has been through two principal methods of attack.
The first of these is the sieve method (see § §2 and 3) due originally to Brun [l] , and improved by Rademacher [16] , Esterman [S], Ricci [17] , [18] , and Buchstab [2] , [3] . The best result by this method, due to Buchstab in 1940, is
every sufficiently large even integer is a sum of two integers, each having at most four prime factors.
This result did not stand for long. It was superseded almost immediately by the Vinogradov result described in the next paragraph.
The second principal method is the analytic method developed by Hardy and Littlewood [ó] in their series of papers on Partitio Numerorum. In 1937, Vinogradov [23] established an asymptotic formula for the number of representations of an odd integer as a sum of three primes. From this it follows that every sufficiently large odd integer is a sum of three primes.
The work of Page [15] and Siegel [21 ] is an important part of the Vinogradov method. Vinogradov's result is close to Conjecture B and is now known in the literature as the Goldbach-Vinogradov Theorem. The same method also leads to a proof of the result almost all even integers are sums of two primes.
The precise meaning of "almost all" is explained in §5.
Linnik [14] and Tchudakoff [22] have given different proofs of Vinogradov's result, but the Goldbach-Vinogradov Theorem still stands as the nearest approach of modern mathematics to the Goldbach conjecture of 1742.
2. The sieve method. Brun's contribution. The method of Brun is an adaptation of the ancient Sieve of Eratosthenes, in which the mechanical process of striking out the multiples of primes is replaced by an algebraic recursion formula. Brun's significant contribution is the way in w r hich the formula is suitably modified. This important point will be explained later at the appropriate time. 
The arguments a, a^ b it pi, need not be written in the function since the results will hold for every a and every set a», bi of the type described. F(x; d, 1) is nothing but the number of integers n^x, n^a (mod d) and will be abbreviated F(x; d).
The connection between F(x\ d, y) and the Goldbach problem is indicated by the following considerations. Let d = 2, a = l, y = x l/u , where x is even integer and u is an integer not less than 2. Let a» = 0, bi^x (mod pi) if pi\x; bi^x (mod pi) if £»|x. Then the function F(x; 2, x 1/u ) is the number of odd integers n ^x such that neither n nor x -n is divisible by any prime not exceeding x 1,u . Hence all the prime factors of n and x -n are greater than x 1,u and there cannot be more than u -1 of them. If u = 2 each of n and #•-w is either a prime or equal to 1. Thus, if it could be shown that F(x\ 2, x 112 ) ^ 2, it would follow that there is at least one representation x = n+(x -n) in which each of n and x -n is a prime. Buchstab's result, quoted in the introduction, comes from establishing a similar inequality for F(x; 2, x 1 *). The fundamental recursion formula is not difficult to prove. Clearly, the number of integers satisfying (2.1) is equal to the number of integers satisfying
Since au^bk, pk\d, the conditions (2.3), (2.4) are equivalent to w ^ #, w ss a'(mod dpk); n S %, n = a" (mod dp k ).
It follows that
-F(x; dp k , pk-x) a') -F(x; dp hy p^; a"),
where the arguments a, a', a" are temporarily indicated in the function. Since the results are to hold for every a, a', a" it is usual to write (2.5) symbolically in the form 1/u /log x, so that R is of higher order than the principal term in (2.8) . This is where Brun's contribution comes in. He replaces the equation (2.8) by an inequality in which the number of terms is sufficiently reduced to make R of lower order than the principal term.
It would take too long to reproduce the details here. The interested reader may find them in Brun's original memoir or in Rademacher's paper. The final result is that, if ki, &2, • • • , kt are integers satisfying l^kt^ . Hence every sufficiently large even integer x is a sum x = n-\-(x -n) of two odd integers, each with at most seven prime factors. The reduction from seven to four prime factors is accomplished by the method of Buchstab, which is discussed in the next section.
It should be noted in passing that the Brun method will yield upper bounds for F(x; d, p k ) as well. It is only necessary to stop the series for E with r 2 t instead of r 2 *+i. Such upper bounds are needed in Buchstab's work ( §3) and in the density-sieve method ( §4).
3. The sieve method. Buchstab's contribution. Buchstab's results are based on a modification of the fundamental recursion formula (2.6), and uses a different estimate for the number of integers satisfying (2.3), (2.4) . (See also James [8] . ) The number of integers n such that
is equal to the number of integers m such that
The number of integers satisfying (3.2) and hence (3.1) is
Similarly the number of integers satisfying
, and therefore
Since 0^a k <p kl 0^b k <p k , the difference between the last two terms on the right of (3.3) and
where 0^0*^2. This is the recursion formula in the Buchstab method. Let u and v be integers such that 2Su<v, and let p t , pt+i, • • • » pk-i, pk be the primes in order for which
By repeated application of (3.4) it follows that
If a lower bound for F(x; d, x 1/v ) and upper bounds for each term in the sum are known, formula (3.5) provides a lower bound for F(x;d t x llu ). Formula (3.5) is one of the important parts of Buchstab's contribution. The larger v is the easier it is to get a good lower bound for F(x\ d, x llv ) and reasonably good upper bounds for the terms in the sum, using the Brun methods. This leads to a better lower bound for F(x; d t x l,u ) than can be obtained with the sieve method by direct calculation.
Another important part of the method is the way in which (3.5) is used. It can be shown by the Brun method that there exists a pair of non-negative step functions go(u), Go(u) defined for u^2 such that
for all sufficiently large x, where c is an absolute constant. In Buchstab's first paper [2] , for example, he starts with , , ƒ 0, 2 g u < 10, and works down to gi(5) =0.96438. From this follows the result quoted in the introduction, the best so far obtained by this method, that every sufficiently large even integer x is a sum x = n + (x -w), in which each of n and x -n has at most four prime factors. It is not entirely improbable that the newer computation methods may be used to work further down, perhaps even to g»(2) >0. If this should be the case, Goldbach's first conjecture and other similar ones would be proved, at least for sufficiently large integers. 4 . The density-sieve method. While it is true that the results of the density sieve method were soon superseded, the method itself is still of interest.
It is well known that, if ir(x) denotes, as usual, the number of primes not greater than x, then ir(x)/x->0 as #-»<*>. On the other hand, Schnirelmann [20] proved that, if M(x) denotes the number of integers nSx which are a sum of two primes, then M{x)/x^ 1/h, # ^4, where h is a constant greater than 1. In other words, the set of integers #^4, which are sums of two primes, has positive density. It follows from standard theorems on the density of sequences of integers that every integer x>l is a sum of a finite number of primes. This is the Schnirelmann theorem. (See Landau [13] .)
The Schnirelmann result depends on the sieve method in the following way. Let A(m) denote the number of representations of an integer m as a sum of two primes, and let M(x) be the function defined above. Then, by the Cauchy-Schwarz inequality, 
M(x) ^(j^A(m))/(i^A\m))
.
What is needed then is a lower bound for the numerator, and an upper bound for the denominator, of the term on the right of (4.1 
If the sequence a 3 -is the sequence of primes, the number of representations of an integer N as a sum of three primes is
p^N Formula (5.2) is Vinogradov's starting point, and since his work is not easily accessible, some details may be of interest.
As is well known, the first step is to divide the interval (0, 1) into sub-intervals whose centers are the points x = a/q, (a, q) = 1, 0 ^a Sq, 1 <; q <J Q, corresponding to a Farey series of some order Q. The sub-intervals corresponding to the smaller values of q form the intervals of Class I (major arcs), and the remaining sub-intervals, the intervals of Class II (minor arcs). If n is written for log N and if h is a number greater than 3, the classes for the Goldbach problem are defined by
If x belongs to an interval of Class I, the sum F(x) is written in the form In Vinogradov's paper the lower limit in J(y) is 2, but it is better to use M (see James and Weyl [9] ). From the results of Page [15] and Siegel [2l] , the error made in approximating to the inner sum is 0(N/<l>(q)n Uh+1 ). Since
e(ra/q) = /x(?), r=0,(r,g)=l it follows in turn that
The part of the integral in (5.2) over an interval of Class I is ƒ. 
It follows from (5.6) and Vinogradov's important results on exponential sums that, if x belongs to an interval of Class II, then
where h is an arbitrary number greater than 3. Hence
This is of lower order than the principal term in (5.5), and hence, by . There is an asymptotic expansion (James and Weyl [9] )
where the error in stopping with the term bj-i/n 3 '* 1 is less than Cj/n* 9 where Cj does not depend on N. Hence
The singular series has a product representation (Hardy and Littlewood [6] , Landau [ll]) sim = n (i + I/(P -mil a -w -3/ » + 3)). and so does Tchudakoff [22] . Linnik [14] , on the other hand, begins with 
2-00»
where w=l/N-2iriy, \y\ Sn zh /N (major arc). It is here that the original Hardy-Littlewood paper ran into trouble. Clearly, the zeros of L(s y x) play an important part in the evaluation of the integral, and at that time information concerning the density of these zeros was not precise enough to be of help. The remainder of Hardy and Littlewood's paper depends on an unproved hypothesis concerning the zeros. No further progress was made until the appearance of the papers of Page and Siegel.
Linnik and Tchudakoff base their work on the approximate functional equations for the L-functions, analogous to the famous approximate functional equation for the zeta function, and on improved estimates of the number of zeros of the L-functions in the critical strip. Their work involves some of the most delicate and intricate analysis written on the subject. Since TchudakofFs work is given in detail (and in English) it is not necessary to reproduce it here. No doubt something is gained by appealing to classical results in the theory of the distribution of primes, but Vinogradov's appears to be the more direct approach.
The analytic method also has something to contribute towards the solution of Goldbach's first conjecture. Let B(x) denote the number of even integers m Sx which are not a sum of two primes. Then, by the Vinogradov, Linnik, or Tchudakoff methods, it can be shown that lim B(%)/% = 0.
This is the precise meaning of the statement that almost all even integers are sums of two primes. As Landau [ll] puts it in the introduction to his chapter on the Goldbach conjecture, "The Goldbach conjecture is false for at most 0% of all even integers. This at most 0% does not exclude, of course, the possibility that there are infinitely many exceptions."
